Abstract. For the 7-term LRL and TRL calibration of a foursampler vector network analyser (VNA), expressions for the deviations of the measured S-parameters of two-port test objects from their actual values are presented as functions of the deviations of the S-parameters of the LRL/TRL calibration elements from their ideal values. The obtained sensitivity coefficients are suitable for establishing the Type-B uncertainty budget for S-parameter measurements. They show how the measurements are affected by imperfect calibration elements and nonideal connections.
Introduction
When applying the frequently used 7-term LRL calibration method to a 4-sampler VNA, its two measuring ports 1 and 2 are connected via a length of an ideally nonreflecting line (a precision air-line impedance standard "Line 1" defining the characteristic impedance), then via a second ideally nonreflecting line "Line 2" (an impedance standard of a length different from that of Line 1 but of the same characteristic impedance) and are then terminated by reflective loads, usually short-circuits R ("Reflect") of ideally equal reflection coefficients. In most cases, the Lines and Reflects are parts of commercial calibration kits. When applying the wide-spread TRL calibration method, one of the Lines is replaced by an ideally nonreflecting "Through" connection with transmission One (i.e. by connecting the measuring ports directly). By means of the VNA firmware, from the raw reflection and transmission values determined for the three calibration states, the seven error terms which characterize the VNA, and additionally the characteristics of the Lines and Reflects ("self-calibration") are calculated. There it is assumed that the calibration elements have the ideal properties as specified.
Correspondence to: U. Stumper ulrich.stumper@ptb.de However, the S-parameters associated with the Line 1 (or Through), Line 2, and Reflects as taken from the calibration kit and connected to the measuring ports show deviations from the ideal values assigned to the calibration elements by the VNA firmware. Consequently, the calculated error terms will deviate from their real values which are defined by the VNA hardware, and consequently, the S-parameters of subsequently measured test objects evaluated by use of these incorrect error terms will show deviations δS jk from their actual S-parameters S jk . The aim of this paper, which is an extension of previous work (Stumper, 2004 (Stumper, , 2005 , is to show how these deviations δS jk depend on the deviations from the ideal S-parameters of the calibration elements, e.g. to calculate the sensitivity coefficients assigned to them. These can be used to establish the Type-B uncertainty budget, according to well known guidelines (GUM, 1995; Guidelines, 2000) , where it is necessary to calculate the individual uncertainty contributions associated with the different input estimates.
For the derivation of the deviations, the scattering parameter notation (Rytting, 2001 ) is used here instead of the usual depiction of the TRL or LRL methods using cascade matrices. Effects on the raw values e.g. caused by noise or nonlinearity and cross-talk effects are not considered here.
LRL calibration method and evaluation of measurements
In the literature, the characteristics of the VNA are most commonly described in terms of cascade matrices of the error terms (e.g. Gronau, 2001) . However, for the error analysis depicted here, scattering matrices are used (Rytting, 2001) (Rytting, 2001) . With an LRL calibration, the test object is replaced by the LRL calibration elements (Line 1, Line 2 and Reflective Loads).
to 8 error terms e 00 , e 01, e 10 , e 11 , e 22 , e 23 , e 32 , and e 33 (cf. Fig. 1 ). By normalization, the number of error terms is reduced to seven, and that, for simplification, with respect to Line 1 with an associated transmission coefficient L 1 : a=e 00 , b=L 1 ·e 11 · (e 23 /e 10 ), c=L 1 · (e 00 e 11 −e 10 e 01 ) · (e 23 /e 10 ), d=L 1 ·e 22 · (e 10 /e 23 ), e=e 33 , f =L 1 · (e 22 e 33 −e 32 e 23 ) · (e 10 /e 23 ), g= (e 10 /e 23 ). With commercial VNAs, the moduli of c, f , and g are in the order of 1 while the moduli of a, b, d, and e are in the order of 0.1 or less. Using r jk =S jk /L 1 , the relations between raw values, S-parameters and these 7 error terms are then in "linear-in-T" form (Rytting, 2001) a + r 11 m 11 bg − r 11 cg + r 21 m 12 d = m 11
(1)
in "measured S-parameters" (raw values) form (Rytting, 2001) :
or in "actual S-parameters" form (Rytting, 2001) :
For calibration, we connect Line 1 of length l 1 and propagation coefficient γ to the VNA test ports 1 and 2. The undisturbed scattering matrix describing the ideal Line 1 is
. By replacing the r jk by S jk /L 1 in Eqs. (1) to (4) and inserting for the S jk the entries of L 1 (Index T of raw values for Line 1), we obtain:
With the connection of an ideal Line 2 of length l 2 , represented by the undisturbed scattering matrix
, to the test ports, we obtain, by replacing the r jk by S jk /L 1 in Eqs. (1) to (4) and inserting for the S jk the entries of L 2 (Index L of raw values for Line 2):
where,
If we connect two ideal (i.e. equally reflecting) loads (usually short-circuits), represented by the undisturbed scattering matrix R= 0 0 , to the test ports, we obtain, by replacing the r jk by S jk /L 1 in Eqs. (1) and (4) and inserting for the S jk the entries of R (Index R for Reflect):
where S 12 =S 21 =m R 12 =m R 21 =0, as cross-talk effects are not considered here.
The error term g is obtained by elimination of /L 1 from Eqs. (22) and (23):
We obtain 10 equations for 9 unknowns (7 error terms plus M and ). The calculation is straightforward. With the "self-calibrating" LRL method, M is determined from the U. Stumper: Influence of nonideal LRL or TRL calibration elements 53 raw values obtained for Line 1 and Line 2: By elimination of f from Eqs. (15) and (19), of a from Eqs. (13) and (17), and of e from Eqs. (16) and (20) we obtain
Elimination of d from Eqs. (25) and (26) yields a quadratic equation to be solved for M,
A second equivalent quadratic equation can be found by other combination of Eqs. (13) to (20) yielding also the rela- (Engen and Hoer, 1979) . A physically significant solution will be nearest to M calc. ≈ exp(−j ·β· l) calculated from phase coefficient β and mechanically measured l. With known M, the terms b and d can now be calculated from Eqs. (25) to (27), then the error terms a, c, e, and f from Eqs. (13) to (16) or (17) to (20), and finally g from Eqn. (24). All error terms are then known. Measurements can now be evaluated by use of Eqs. (9) to (12) and r jk =S jk /L 1 . The S-parameters of test objects are known except for the transmission coefficient L 1 , which has to be separately determined using the known M and the lengths l 1 and l 2 of both Lines determined by mechanical measurements:
For the TRL calibration, L 1 =1 and M TRL =L 2 .
Calculation of the δS jk
As we are interested, in a first step, in the effect of the seven deviations δa, δb, δc, δd, δe, δf , δg of the error terms on the deviations δS jk of the measured S-parameters S jk of a test object, we assume that they are not influenced by m jk variations. We use Eqs. (5) to (8) to find at first the dependence of the δr jk =δ S jk /L 1 on the deviations of the error terms. Four total differentials are established which form four linear equations, similarly as in (Stumper, 2003a (where the indices jk are 11, 12, 21, or 22). After having carried out the differentiations and some rearranging, we finally obtain the following expressions as solutions for the deviations δr jk of a test object:
δr 12 = − r 12 · (a−r 11 ·cg) (ab−c) ·δb+
As
, the deviations δS jk of the measured S-parameters S jk of a test object are dependent also on the deviations δM, δl 1 , and δl 2 of M and the lengths l 1 and l 2 :
For the TRL calibration, L 1 =1 and S jk =r jk , δS jk =δr jk .
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Nonideal calibration elements
In a second step, the deviations δa, δb, δc, δd, δe, δf , δg are obtained as functions of the deviations from the ideal Sparameters associated with Line 1, Line 2, and Reflect. It is not possible here to use the method shown in (Stumper, 2003a) . The deviations with Line 1, Line 2, and Reflect are described below by the "disturbed" scattering matrices, which are compiled together with the "undisturbed ideal" matrices in Table 1 .
Determination of the deviation δM
At first, δM is determined. By means of the VNA firmware, M = L 2 /L 1 is calculated from the raw values obtained for Line 1 and Line 2, thereby ideal scattering matrices L 1 and L 2 are assumed. To calculate a disturbed M g = M + δM, we replace the r jk by S jk /L 1 in the Eqs. (5) to (8) 
If we insert the calculated undisturbed ideal raw values m T jk , m L jk and deviations δm T jk , δm L jk into Eq. (37), we finally obtain a rather simple expression for the deviation δM
4.3 Deviations of the error terms due to nonideal Reflect By means of the VNA firmware, the seven error terms are calculated from raw values obtained for the Reflects, thereby an ideal scattering matrix R is assumed. To obtain disturbed error terms (ideal plus deviation), we replace the r jk by S jk /L 1 in the Eqs. (5) to (8) and insert the S-parameters of the disturbed R d (Table 1) , for S 11 and S 22 . We then calculate disturbed (index g) raw values m R jjg which differ from the undisturbed ideal raw values m R jj by deviations δm R jj . By a nonideal Reflect, the error terms a, b, c, d, e, andf are not affected. Only g is affected here. The equation describing the disturbed g g is according to Eqn. (24):
If we insert the calculated undisturbed ideal raw values m R jj and deviations δm R jj into Eqn. (39), we finally obtain a simple relation for the deviation δg
due to a nonideal Reflect.
Deviations of the error terms due to nonideal Line 1 and Line 2
By a nonideal Line 1, all error terms are affected. The equations describing the disturbed (Index g) error terms a g =a+δa L1 , .... , g g =g+δg L1 affected by the S-parameters of a nonideal Line 1 are calculated according to Eqs. (13) to (16) and (25) to (27), for example for b:
If we insert the calculated δM L1 =− M L 1 ·δT 21 and the undisturbed ideal raw values m T jk , m L jk and deviations δm T jk into these equations, we finally obtain the error term deviations due to a nonideal Line 1, e.g. for b:
By a nonideal Line 2, all error terms are affected as well. The equations describing the disturbed error terms a rmg =a+δa L2 , .... , g g =g+δg L2 affected by the Sparameters of a nonideal Line 2 are calculated according to Eqs. (13) to (16) and (25) to (27), for example for b:
If we insert the calculated δM L2 = 1 L 1 ·δs 21 and the undisturbed ideal raw values m T jk , m L jk and deviations δm L jk into these equations, we finally obtain the error term deviations due to a nonideal Line 2, e.g. for b:
Resulting sensitivity coefficients
Combining the results from the first and second step, we obtain sensitivity coefficients for the four S-parameters of a test object which are separately given for deviations with Line 1, Line 2, and Reflect. If the reflection coefficient of one of the Reflect terminations is while the other has a deviating reflection +δ , there is an influence only on the reflection coefficients, not on the transmission coefficients of test objects, without any influence of M and of any error term. By inserting Eqn. (40) for Reflect into Eqs. (32) and (35), we obtain:
depending on the position of the deviating termination either at port 1 (Index R1:δ =δS R 11 ) or port 2 (Index R2:δ =δS R 22 ), respectively.
Inserting the deviations of the error terms (cf. Sect. 4.4) obtained for Line 1 into Eqs. (32) to (35), and with bg=e 11 ·L 1 , we obtain (Index L1):
Inserting the deviations of the error terms (cf. Sect. 4.4) obtained for Line 2 into Eqs. (32) to (35), and with bg=e 11 ·L 1 , we obtain (Index L2):
For Line 1 and Line 2, only e 11 occurs in the sensitivity coefficients. To obtain corresponding expressions for δr 21 and δr 22 , index 1 is replaced by 2 and vice versa in Eqs. (45) to (48).
An exchange of Line 1 and Line 2 is based on definitions of an r jk =S jk /L 2 and of an M =L 1 /L 2 . Then, Eqs. (46) to (49) remain valid, but the r jk are replaced by r jk =S jk /L 2 , and the δs ik are replaced by δT jk and vice versa.
Sensitivity coefficients for the TRL calibration
If the length of Line 1 diminishes to zero, Eqs. (46) to (49) are valid where L 1 =1 (Through), r jk =S jk , δr jk =δS jk , and M=M TRL =L 2 =L (Line). For nonideal Reflects we then have:
Experimental verification of Eqs. (46) to (49) showed that, as e 11 is small, the terms containing e 11 in the sensitivity coefficients for Through and Line are also small compared with the other terms, so that simplified sensitivity coefficients can be set up, if | | is near to One. If we assume reflection symmetry for the nonideal Through and Line and not too large reflections S 11 , S 22 of the test objects, the sensitivity coefficients are then approximately given by: (54) (Index T for Through and L for Line). To obtain corresponding expressions for δS 21 and δS 22 , index 1 is replaced by 2 and vice versa in Eqs. (50) to (53). Comparison of the calculated deviations |δS 12T | in dB and phase deviations δ arg (S 12T ) in degrees for a low-reflective 10 dB attenuator pad, using a nonideal Through with an 0.1 mm thick hair (cf. Fig. 22 of Stumper, 2003b ) whose S-parameters are shown in Fig. 5 of (Stumper, 2003c) , instead of an ideal Through, for the TRL and the TMSO calibration (cf. Fig. 6 of Stumper, 2003c) .
Discussion and experimental results
As regards the Through and Lines, the sensitivity coefficients (Eqs. (46) to (49)) are free of all error terms but the "match" term e 11 (similar to a nonideal TMSO calibration, cf. Stumper, 2003a) . They may become large if M 2 approaches 1, e.g. if the difference l 2 −l 1 in length of the lines approaches λ/2, where λ is the wavelength, (or in case of TRL, if L 2 approaches 1, e.g. if the length l of the line approaches λ/2). For lines taken from commercial calibration kits, this should never be the case. For example, for a line of l=6.95 mm taken from a commercial 7 mm/PC-7 calibration kit, 1/ 1−L 2 ≤1.74 in the specified frequency range (2-18 GHz). Considering Eqs. (46) to (49), all deviations δS 11 , δS 22 become large when using loads of small for the Reflects, while all transmission deviations are not affected by , therefore short (or open) circuits should be taken. Further on we observe a term in Eqn. (47) for δr 12L1 and in Eqn. (52) for δS 12T (and also for δS 21T ) showing a direct dependence, unaffected by any other parameter, on the through transmission parameter deviations δT 12 (and δT 21 , respectively), similar to a nonideal TMSO calibration (Stumper, 2003a) .
The exact Eqs. (45) to (49) have been experimentally verified for the TRL case (L 1 =1) with a set of 7 mm coaxial two-port test objects fitted with PC-7 connectors, i.e. high-reflective devices including a step attenuator of (nominal) attenuation 0 dB, 10 dB, and 30 dB and a short coaxial line, each sandwiched between the side arms of two Tjunctions, and two low-reflective attenuator pads of (nominal) attenuation 20 dB and 50 dB, similar to the set described in (Stumper, 2003a) . A 8510B type VNA was used for the verification. The S jk values of the set of test objects experimentally obtained after an "ideal" TRL calibration were used in all calculations. The S-parameters of the high-reflective line varied between approximately -0.8 and +0.8 in the frequency range 2-18 GHz. Only one of the elements Through, Line, and Reflect at a time was considered nonideal.
In an example, a nonideal short-circuit at port 1 was realized by loading the "ideal" short by three dielectric Teflon foils (each of 5 mm diameter and 0.019 mm in thickness) at the connection of the inner conductor to the measuring port. The difference of the reflections of the loaded and the ideal short, both measured after an "ideal" TRL calibration, was taken as δ =δS R 11 to calculate the deviations δS 11|R1 and δS 22|R1 , for the high-reflective length of coaxial line as test object. In Fig. 2 , the deviations are compared with the difference of the S jk values obtained experimentally after TRL calibrations using either this nonideal Reflect or the ideal Reflect without foils. A second example is given in Fig. 1 of Stumper (2004) with the high-reflective 0 dB attenuator as test object showing the calculated deviations δS 11T and δS 12T , as functions of the deviations of the actual S-parameters of a nonideal Through. The Through connection was loaded by a thin copper foil (thickness 0.03 mm, diameter 3.2 mm) introduced between the inner conductors of port 1 and 2. The difference of the reflections of the loaded and the ideal Through, both measured after an "ideal" TRL calibration, was taken to calculate the deviations δS 11T and δS 12T . These are compared with the difference of the S jk values obtained experimentally after TRL calibrations using either this nonideal Through or an "ideal" Through without foil. A third example is given in Fig. 2 of (Stumper, 2005 1 ) with the high-reflective line as test object showing the calculated and measured deviations δS 11L and δS 12L . Here, for the nonideal line, the inner conductor of the line (ideal diameter 3.040 mm) was replaced by an inner conductor of the same length but of diameter 3.248 mm. For all examples, the calculated deviations δS 11 , δS 12 , δS 21 , and δS 22 agreed well with the differences of the measured values of S 11 , S 12 , S 21 , and S 22 , respectively.
Some additional calculations were carried out to show the influence of rather small values of δ , δT jk , or δs jk as they may occur in the real world during the calibration or with calibration items from commercial calibration kits. For a Line taken from a precision calibration kit, the diameters of the conductors will deviate not more than some µm from the ideal values. For D=2 µm, the effect on δS 12L for the high-reflective line is already considerably large. Even with this high Line precision, the deviation |δS 12L | in attenuation could be close to 0.01 dB for high-reflective test objects, whereas, for example, the deviations of the S-parameters of the low-reflective 20 dB attenuator are negligibly small.
Small particles (e.g. lints) which get in between the end planes of the connectors with the Line or Through connections, may cause considerable deviations of the S-parameters of high-reflective but also low-reflective test objects. For example, a human hair, 0.1 mm thick, will cause S-parameter deviations of the Through connection of about maximum 0.01 (cf. Fig. 5 in Stumper, 2003c) . The deviation δS 12T (modulus and phase) for a low-reflective 10 dB attenuator is shown in Fig. 3 . Connector imperfections such as gaps at the inner conductors may also give rise to deviations.
For all test objects, the deviation in reflection phase is equal to half the difference in phase shift of the Reflects. With a difference of 0.02 mm of the offset length of the short circuits, the deviation would be 0.43 • at 18 GHz. Only for high-reflective test objects, the reflection magnitude is influenced by the differences in phase and loss of the reflection coefficients of the Reflects. A loss difference with the Reflects has no influence on the reflection phase of the test objects.
Conclusion
Analytical expressions (sensitivity coefficients) have been developed showing the deviations of the S-parameters of test objects which depend on the deviations of the S-parameters associated with the Through, Lines, and Reflects from the ideal values which are used by the VNA firmware with the LRL and TRL calibration methods. If the reflection of the test objects is not too high, simplified expressions can be set up. Calculations and experiments show that connector imperfections such as gaps at the inner conductors and small 58 U. Stumper: Influence of nonideal LRL or TRL calibration elements particles which get in between the end planes of the connectors with the Line or Through connections or small deviations (some µm) of the cross dimensions of the Lines from the ideal values may lead to considerable deviations and consequently contribute significantly to the uncertainty of S-parameter measurements.
